In this work, we search for the presence of chaos in a self-consistent model for the cyclotronresonance maser accelerator. Two characteristic regimes are identified. If the initial action variable of the accelerating particles is small, rapid phase bunching occurs and the particle population is condensed into a single macroparticle in phase space. As a result, this low-dimensional state is predominantly regular. For larger energies, on the other hand, there is no macroparticle formation. The system is high dimensional, and chaos is found. Arnold difFusion appears to occur in these chaotic states. PACS number(s): 05.45.+b, 41.75. -i 
I. INTRODUCTION
A promising conGguration for laser acceleration of charged particles is the so-called cyclotron-resonance maser accelerator (CRMA) [1] , where a coherent electromagnetic wave may transfer a large amount of energy to a beam of electrons gyrating in a guide magnetic Geld. This large amount of transferred energy takes place because of the autoresonance mechanism [2 -5] whereby an initial wave-particle synchronism may be self-sustained throughout the accelerating period.
The good quality of the autoresonance mechanism and the resulting high eKciency of the CRMA depend on some conditions that must be observed, two of which are currently considered of some particular relevance. One of them demands that the maser wave be dispersionless. This is hard to satisfy experimentally because the presence of waveguide and finite confining systems always introduce some dispersion in the system. A number of recent works shows, however, how the problem can be circumvented.
Chen [6] , for instance, uses tapered magnetic Gelds to maintain the resonance that would be otherwise destroyed by dispersion. Alternatively, Pakter et al. [7] make use of a small mismatch between the Doppler-shifted cyclotron and wave &equencies to completely compensate the dispersive effects.
Another condition to be satisfied is that, in an actionangle representation, the initial action variables of the electrons be very small. If this is the case, one can show that the entire beam is rapidly bunched in phase space, behaving as a single macroparticle [1, 7] . The coherent beam thus formed is afterwards accelerated to the maximum available electromagnetic energy. Note that in this case the complete dynamical system would be reduced to a few degrees of &eedom -those describing the single macroparticle plus those describing the maser Geld. In fact, in this case the system turns out to have only one effective degree of &eedom and therefore is completely integrable [8] . If, on the other hand, the control over the injected beam is poor, the low-action condition is unlikely to be satisGed. Then one will end up with a very incoherent beam whose description will require all degrees of &eedom of the complete system. In view of the effective multidimensionality, the associated dynamics would be almost certainly chaotic.
Chaos in CRMA's is a possibility recently investigated by Pakter et al. [9] . In the model analyzed, the amplitude of the maser Geld undergoes externally produced slow modulations, which induces the appearance of series of period doubling and inverse saddle-node bifurcations leading to chaos. Amplitude variations can be easily generated if the maser wave is modulational unstable, as in the case of various wave-particle accelerating systems like the ones found in the magnetosphere of pulsars, for instance [10] . However, it is not clear whether this kind of process can be indeed self-consistently generated in a CRMA.
The purpose of this paper is therefore to search for the presence of self-consistent chaos in CRMA's. In our procedures, low-energy beams with initially homogeneous gyrophase distributions are released under the inBuence of a strong-amplitude maser Geld, and the appropriate Lyapunov exponents measuring the divergence of the trajectories of the entire dynamical system are examined; the presence of exponential orbital divergence is taken as the signature of the existence of chaotic states. It turns out that we do find chaos in the system. Moreover, unlike some typical cases of wave-particle systems, we Gnd that chaotic activity is large not only near the separatrix of the system, but also near the elliptic Gxed [7] . Finally we take Lt) = I/gl + App = 1/~2 it can be shown that otherwise autoresonance is absent [9] .
Before embarking in the simulations let us plot some particle trajectories of our system on a common I, P sated with the techniques mentioned in the Introduction, it shall not be further considered here.
To conclude, -we quote that calculations performed elsewhere [9] indicate that the gyrofrequency goes to zero as the autoresonance orbit is approached. In that sense, the autoresonance can be thus seen as somewhat equivalent to a separatrix orbit as a matter of fact, it separates orbits encircling the P = 0 fixed point from those encircling the P = a fixed point.
A. Bunched states chaotic, type.
We now examine a snapshot of the particle phase space at t = 11200 in Fig. 2 Fig. 3(a) . From the picture we conclude that a bunched distribution is indeed no longer formed and that; the overall dynamics appears to be irregular.
As the particle distribution ends up by largely spreading itself over the phase space, one expects the waveparticle energy exchange to be much smaller than in the former case (if one particle is gaining energy, one is losing, and so on -this is a manifestation of energy equipartition). This is true, as can be seen Rom Fig. 3(b Fig. 3(a) . The frequencies are small because these outermost orbits are very close to autoresonance. From Fig. 1 it is indeed possible to see that the closer an orbit is to autoresonance, the larger is its range.
The shortest scale, on the other hand, comes &om the wave-particle interaction involving the bulk of the particle distribution. Particles in the bulk are closer to the elliptic fixed points and describe higher-&equency orbits.
The Huctuational effect is real and not a mere consequence of the graininess introduced by the finite number of macroparticles used in the simulations. Fig. (4) .
The maser wave is also a dynamical entity of the system and its corresponding dynamical variables, amplitude and phase, should have also been included in the summation defining function L(t). We did that and found no significant difference in the results as compared to the ones obtained with the procedures adopted here. This does not disagree with the fact that the maser is not really an independent entity; explicit maser dynamics can be actually removed from the set (1) -(4) through a canonical transformation. To conclude, function L, defined as it was, seems to be a satisfactory quantity to measure the presence of chaotic activity.
B. Localizing chaos
Given that chaos is present in the system, we now wish to determine in which regions of phase space it is stronger. The interest behind this question is the following. If we were considering a typical wave-particle system, chaos would be stronger near the regions where the particles gyrate with the smallest kequencies. Specializing to our case, chaotic activity would be intimately attached to the outermost orbits of Fig. 3 -once more we recall that those are close orbits to autoresonance, moving therefore with the smallest gyroh. equencies. Also, if the picture were valid, chaos would gradually reduce as the elliptic points were approached. The question is then: Is this typical distribution of chaotic orbits the one present in our system? We shall see that the answer is negative.
To perform the investigation, we introduce a quantity L~(t) that shall be seen as measuring a local Lyapunov coefficient. It is defined similarly as L(t) in the form N' (8) where I~, +, --I~+, (1 + b) initially, with P' defined likewise. What this kind of function really does is just to measure an averaged exponential divergence around the orbit described by the "real" particle label j. We choose N' small with respect to N but large with respect to unity. We typically take 2N'/N 0.1. Proceeding further to smaller values of j (j = 65) labeling particles which are nearer the elliptic points, one arrives at a situation for which chaos is stronger, again.
In that case, one has T "b (& T~and chaos is indeed expected to become relatively strong again. Chaotic activity is not typically present at positions close to elliptic fixed points, but here it is as strong as at those positions closer to the separatrix. We emphasize again that its occurrence can be explained in terms of the great disparity between the scales of the relevant &equencies; resonance overlap conditions are again met and chaotic activity is observable once more.
Finally, when one is extremely close to the elliptic fixed point chaos diminishes again. This feature is explainable on basis of the prevailing stability of the elliptic Qxed point [11, 14] . In what follows, by "near" the elliptic points we actually mean not so near that the particles would be captured within its very short stability range. Note that although chaos is inhomogeneously distributed over the phase space, it is never really absent. We have identified some predominant time scales in the simulations and have used these time scales to explain why chaos is stronger in some regions than in others. The actual maser wave is, however, completely aperiodic and contains larger and smaller scales than the ones we pointed out. Rigorously speaking, Boozer shows that the threshold for resonance overlap vanishes if the perturbing signal is aperiodic. In the calculations Boozer represents the aperiodic signal as a periodic one whose period tends to infinity. Using continuity, one is then lead to conclude that if the period is Rnite but large, as TI in our case, the threshold for resonance overlap is still very small for orbits satisfying T "b « T~and chaos with small perturbing amplitudes can easily occur. As discussed before we emphasize that inspection of Fig. 3(b) . Fig. 8 , where the time limits used are the saine as the ones of Fig. 6 , i.e. , in Fig. 8(a) the computer run is performed until t = 3.5 x 104 and in Fig. 8(b) diffusion is indeed present. Moreover, the sudden orbital regularization, as ones gets very close to the elliptic point, can be also appreciated. Note that the modeled wave, although completely regular, appears to well reproduce the simulation results; the nonharmonic character of the model sufEces to generate the type of chaos observed.
A question could be raised concerning the accuracy of the use of a driver model with discontinuous derivatives in a set of continuous differential equations. We point out, however, that there is no such problem because the derivatives of the driver are never calculated -only the derivatives of particle variables are necessary. An additional test to check out the validity of the numerical procedures is to represent the periodic step in terms of its analytical trigonometric Fourier series. We did that, gradually increasing the number N of terms in the series to see that while for N 1 chaos is far &om the elliptic point [this would be similar to the result presented in Fig. 7(b) , for N » 1 (we took N = 1000) chaos extends to the innermost regions of the phase space, just as in the case of the step driver whose related phase space is represented in Fig. 8 . 
VI. FINAL REMARKS

